イッパンカ サレタ SKEW INFORMATION ニ カンレン シタ フカクテイセイ カンケイ バナッハ クウカン オヨビ カンスウ クウカンロン ノ サイキン ノ シンテン ト ソノ オウヨウ by 柳, 研二郎 et al.
Title一般化されたskew informationに関連した不確定性関係(バナッハ空間及び関数空間論の最近の進展とその応用)
Author(s)柳, 研二郎; 古市, 茂; 栗山, 憲








Uncertainty relations related to
generalized skew information
(Kenjiro Yanagi)*
Graduate School of Science and Engineering, Yamaguchi University
(Shigeru Furuichi)\dagger
College of Humanities and Sciences, Nihon University
(Ken Kuriyama)\ddagger
Graduate School of Science and Engineering, Yamaguchi University
Key Words: skew information, uncertainty relation
MSC(2000): $81Q10,81S05,94A15$
$\rho$
$($ : $\rho^{*}=\rho\geq 0,$ $Tr[\rho]=1)$ $H$ ( :
$H^{*}=H)$ Wigner-
Yanase skew information :
$I_{\rho}(H) \equiv\frac{1}{2}Tr[(i[\rho^{1/2},$ $H])^{2}]$ . (1 )
[X, $Y|\equiv XY-YX$ . Dyson -
$I_{\rho,\alpha}(H) \equiv\frac{1}{2}Tr[(i[\rho^{\alpha},$ $H])(i[\rho^{1-\alpha},$ $H])]$ , $\alpha\in[0,1]$ (2)
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Wigner-Yanase-Dyson skew information . skew
information [2, 3, 4].
$\rho$ $X,$ $Y$ Heisenberg
$V_{\rho}(X)V_{\rho}(Y) \geq\frac{1}{4}|Tr[\rho[X, Y]]|^{2}$ (3)
. $V_{\rho}(H)\equiv Tr[\rho(H-Tr[\rho H|I)^{2}|$ .
Schrodinger
$V_{\rho}(X)V_{\rho}(Y)-|Cov_{\rho}(X \}Y)|^{2}\geq\frac{1}{4}|Tr[\rho[X, Y]]|^{2}$
. $Cov_{\rho}(X,$ $Y)\equiv Tr[\rho(X-Tr[\rho X]I)(Y-Tr[\rho Y|I)]$ .
(6) (3)
$I_{\rho}(X)I_{\rho}(Y) \geq\frac{1}{4}|Tr[\rho[X, Y]]|^{2}$
. Luo $[$5 $]$
$U_{\rho}(H)\equiv\sqrt{V_{\rho}(H)^{2}-(V_{\rho}(H)-I_{\rho}(H))^{2}}$ (4)
:
$U_{\rho}(X)U_{\rho}(Y) \geq\frac{1}{4}|Tr[\rho[X, Y|]|^{2}$ . (5)
.





Definition 1 $\rho$ $H$ $0\leq\alpha\leq 1$
$I_{\rho,\alpha}(H) \equiv\frac{1}{2}Tr[(i[\rho^{\alpha},$ $H_{0}])(i[\rho^{1-\alpha},$ $H_{0}])]$
$I_{\rho,\alpha}(H) \equiv\frac{1}{2}Tr[\{\rho^{\alpha},$ $H_{0}\}\{\rho^{1-\alpha},$ $H_{0}\}]$
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. $H_{0}\equiv H-Tr[\rho H]I$ $\{X,$ $Y\}\equiv XY+YX$ .
$A_{\alpha}(H)\equiv i[\rho^{\alpha},$ $H_{0}]$ , $B_{\alpha}(H)\equiv\{\rho^{\alpha},$ $H_{0}\}$
.
$I_{\rho}(H)\geq I_{\rho,\alpha}(H)$ , $J_{\rho}(H)\leq J_{\rho,\alpha}(H)$ , (8)
$U_{\rho,\alpha}(H)\equiv\sqrt{I_{\rho,\alpha}(H)J_{\rho,\alpha}(H)}$ (9)
$0\leq I_{\rho,\alpha}(H)\leq U_{\rho,\alpha}(H)\leq U_{\rho}(H)$ (10)
.
.




Remark 1 2 vial .
(1) $|Tr[( \frac{\rho^{\alpha}+\rho^{1-\alpha}}{2})^{2}[X, Y]]|^{2}$ $|Tr[\rho[X,$ $Y|||^{2}$ .
(2) $U_{\rho,\alpha}(H)\leq U_{\rho}(H)$ $U_{\rho,\alpha}(H)\leq\tilde{U}_{\rho,\alpha}(H)$ $U_{\rho}(H)$ $\tilde{U}_{\rho,\alpha}(H)$
.










$\leq$ 4 $( \frac{1}{4}Tr[\mathcal{A}_{\alpha}(X)^{2}+A_{1-\alpha}(X)^{2}+I_{\rho,\alpha}(X))(\frac{1}{4}Tr[B_{\alpha}(Y)^{2}+B_{1-\alpha}(Y)^{2}]+J_{\rho,\alpha}(Y))$ .
$Tr[(A_{\alpha}(X)+\mathcal{A}_{1-\alpha}(X))(B_{\alpha}(Y)+B_{1-\alpha}(Y))]$










$\leq$ 4 $( \frac{1}{4}Tr[A_{\alpha}(X)^{2}+A_{1-\alpha}(X)^{2}]+I_{\rho,\alpha}(X))(\frac{1}{4}Tr[B_{\alpha}(Y)^{2}+B_{1-\alpha}(Y)^{2}]+I_{\rho,\alpha}(Y))$ .
$\frac{1}{4}|Tr[(\rho^{\alpha}+\rho^{1-\alpha})^{2}(i[X, Y])]|^{2}$ (13)




$\leq$ 4 $( \frac{1}{4}Tr[A_{\alpha}(X)^{2}+A_{1-\alpha}(X)^{2}]+I_{\rho,\alpha}(X))(\frac{1}{4}Tr[B_{\alpha}(Y)^{2}+B_{1-\alpha}(Y)^{2}]+I_{\rho,\alpha}(Y))$




$\frac{1}{4}(Tr[(\frac{\rho^{\alpha}+\rho^{1-\alpha}}{2})^{2}(i[X,$ $Y])])^{2}\leq\tilde{U}_{\alpha}(\rho,$ $X)\tilde{U}_{\alpha}(\rho,$ $Y)$ .
$\overline{Tr[(\frac{\rho^{\alpha}+\rho^{1-\alpha}}{2})^{2}[X,Y]]}=-Tr[(\frac{\rho^{\alpha}+\rho^{1-\alpha}}{2})^{2}[X,$ $Y|]$
$Re[( \frac{\rho^{\alpha}+\rho^{1-\alpha}}{2})^{2}[X,$ $Y]]=0$
$Tr[( \frac{\rho^{\alpha}+\rho^{1-\alpha}}{2})^{2}[X,$ $Y]]=i{\rm Im} Tr[( \frac{\rho^{\alpha}+\rho^{1-\alpha}}{2})^{2}[X,$ $Y]]$ .
$(Tr[( \frac{\rho^{\alpha}+\rho^{1-\alpha}}{2}I^{2}(i[X,$ $Y])])^{2}$
$=$ $-(Tr[( \frac{\rho^{\alpha}+\rho^{1-\alpha}}{2})^{2}[X,$ $Y]])^{2}$
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$=$ $-(i{\rm Im} Tr[( \frac{\rho^{\alpha}+\rho^{1-\alpha}}{2})^{2}[X,$ $Y]])^{2}$
$=$ $({\rm Im} Tr[( \frac{\rho^{\alpha}+\rho^{1-\alpha}}{2})^{2}[X,$ $Y|])^{2}$
$=$ $|Tr[( \frac{\rho^{\alpha}+\rho^{1-\alpha}}{2})^{2}[X,$ $Y]]|^{2}$ .
. $q.e.d$ .
1 .




Theorem 2 $\rho$ $X,$ $Y$
$\sqrt{W_{\rho\alpha}(X)W_{\rho\alpha}(Y)}\geq\frac{1}{4}|Tr[\rho^{2\alpha}[X,$ $Y]]Tr[\rho^{2(1-\alpha)}[X,$ $Y]]|$ .






$Tr[ \frac{(i[\rho^{\alpha},X_{0}])^{2}+(i[\rho^{1-\alpha},X_{0}])^{2}}{4}]+\frac{1}{2}Tr[(i[\rho^{\alpha},$ $X_{0}])(i[\rho^{1-\alpha}, X_{0}])]$
$\sqrt{Tr[\{\rho^{\alpha},X_{0}\}^{2}]Tr[\{\rho^{1-\alpha},X_{0}\}^{2}]}$
$Tr[ \frac{\{\rho^{\alpha},X_{0}\}^{2}+\{\rho^{1-\alpha},X_{0}\}^{2}}{4}]+\frac{1}{2}Tr[\{\rho^{\alpha},$ $X_{0}\}\{\rho^{1-\alpha},$ $X_{0}\}]$
.
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(2) $|Tr[\rho^{2\alpha}[X,$ $Y]]Tr[\rho^{2(1-\alpha)}[X,$ $Y]]|$ $|Tr[( \frac{\rho^{\alpha}+\rho^{1-\alpha}}{2})^{2}[X,$ $Y]]|^{2}$
$/J\rangle \mathfrak{f}\mathfrak{B}\prime ff_{\backslash }lh$ $A^{a}$ . $B\ovalbox{\tt\small REJECT}$
$|Tr[\rho^{2\alpha}[X,$ $Y]]|$ $Tr[( \frac{\rho^{\alpha}+\rho^{1-\alpha}}{2})^{2}[X,$ $Y]]$
$|Tr[\rho^{2(1-\alpha)}[X,$ $Y|]|$ $Tr[( \frac{\rho^{\alpha}+\rho^{1-\alpha}}{2})^{2}[X,$ $Y]]$
.
(3) $\alpha=1/2$ 1 2 $Luo$ .
Proof of Theorem 2. $K=i[\rho^{\alpha},$ $X_{0}]x+\{\rho^{\alpha},$ $Y_{0}\}$ . $K^{*}=K$
.
$0$ $\leq$ $Tr[KK^{*}]$
$=$ $Tr[(i[\rho^{\alpha},$ $X_{0}]x+\{\rho^{\alpha},$ $Y_{0}\})^{2}]$
$=$ $Tr[(i[\rho^{\alpha},$ $X_{0}])^{2}]x^{2}+2iTr[[\rho^{\alpha},$ $X_{0}]\{\rho^{\alpha},$ $Y_{0}\}]x+Tr[\{\rho^{\alpha},$ $Y_{0}\}^{2}]$
$=$ $Tr[(i[\rho^{\alpha},$ $X_{0}])^{2}]x^{2}+2ii{\rm Im} Tr[\rho^{2\alpha}[X,$ $Y]]x+Tr[\{\rho^{\alpha},$ $Y_{0}\}^{2}]$ .
$|Tr[\rho^{2\alpha}[X,$ $Y]]|^{2}=({\rm Im} Tr[\rho^{2\alpha}[X,$ $Y]])^{2}\leq Tr[(i[\rho^{\alpha},$ $X_{0}|)^{2}]Tr[\{\rho^{\alpha},$ $Y_{0}\}^{2}]$ .
$X$ $Y$
$|Tr[\rho^{2\alpha}[X,$ $Y]]|^{2}\leq Tr[(i[\rho^{\alpha}, Y_{0}])^{2}]Tr[\{\rho^{\alpha},$ $X_{0}\}^{2}]$ .
$|Tr[\rho^{2(1-\alpha)}[X,$ $Y]]|^{2}\leq Tr[(i[\rho^{1-\alpha}, X_{0}])^{2}]Tr[\{\rho^{1-\alpha},$ $Y_{0}\}^{2}]$ .
$X$ $Y$
$|Tr[\rho^{2(1-\alpha)}[X,$ $Y]]|^{2}\leq Tr[(i[\rho^{1-\alpha}, Y_{0}])^{2}]Tr[\{\rho^{1-\alpha},$ $X_{0}\}]$ .
$S_{\rho,\alpha}(X) \equiv\frac{1}{2}Tr[(i[\rho^{\alpha},$ $X_{0}|)^{2}],$ $T_{\rho,\alpha}(X) \equiv\frac{1}{2}Tr[\{\rho^{\alpha},$ $X_{0}\}^{2}]$
$S_{\rho,1-\alpha}(X) \equiv\frac{1}{2}Tr[(i[\rho^{1-\alpha}, X_{0}])^{2}]$ , $T_{\rho,1-\alpha}(X) \equiv\frac{1}{2}Tr[\{\rho^{1-\alpha},$ $X_{0}\}^{2}]$
$S_{\rho,\alpha}(Y) \equiv\frac{1}{2}Tr[(i[\rho^{\alpha},$ $Y_{0}|)^{2}],$ $T_{\rho,\alpha}(Y) \equiv\frac{1}{2}Tr[\{\rho^{\alpha},$ $Y_{0}\}^{2}]$
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$S_{\rho,1-\alpha}(Y) \equiv\frac{1}{2}Tr[(i[\rho^{1-\alpha}, Y_{0}])^{2}]$ , $T_{\rho,1-\alpha}(Y) \equiv\frac{1}{2}Tr[\{\rho^{1-\alpha}, Y_{0}\}^{2}]$
.
$|Tr[\rho^{2\alpha}[X, Y]]|^{2}\leq 4\sqrt{S_{\rho\alpha}(X)T_{\rho\alpha}(X)S_{\rho\alpha}(Y)T_{\rho\alpha}(Y)}$ .
$|Tr[\rho^{2(1-\alpha)}[X, Y]]|^{2}\leq 4\sqrt{S_{\rho 1-\alpha}(X)T_{\rho 1-\alpha}(X)S_{\rho 1-\alpha}(Y)T_{\rho 1-\alpha}(Y)}$.
$W_{\rho,\alpha}(X)\equiv$ $S_{\rho,\alpha}(X)S_{\rho,l-\alpha}(X)\sim,\alpha(X)\sim,1-\alpha(X)$ ,
$W_{\rho,\alpha}(Y)\equiv\sqrt{S_{\rho,\alpha}(Y)S_{\rho,1-\alpha}(Y)T_{\rho,\alpha}(Y)T_{\rho,1-\alpha}(Y)}$
$\sqrt{W_{\rho,\alpha}(X)W_{\rho,\alpha}(Y)}\geq\frac{1}{4}|Tr[\rho^{2\alpha}[X, Y]]Tr[\rho^{2(1-\alpha)}[X, Y]]|$ .
. q.e. $d$ .
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